We present a novel passive image formation method for moving targets using distributed apertures capable of exploiting information about multiple-scattering in the environment. We assume that the environment is illuminated by non-cooperative transmitters of opportunity with unknown location and unknown transmitted waveforms. We develop a passive measurement model that relates the scattered field from moving targets at a given receiver to the scattered field at other receivers. We formulate the passive imaging problem as a generalized likelihood ratio test for a hypothetical target located at an unknown position, moving with an unknown velocity. We design a linear discriminant functional by maximizing the Signal-to-Noise Ratio (SNR) of the test-statistic, and use the resulting position-and velocity-resolved test-statistic to form the image. Our imaging method can determine the two-or three-dimensional velocity vector as well as the two-or three-dimensional position vector of a moving target without the knowledge of transmitter locations and transmitted waveforms. We present numerical experiments to demonstrate the performance of our passive imaging method operating in multiplescattering environments. The results show that the point spread function of the reconstructed images improves when the information about multiple scattering is exploited.
INTRODUCTION
With the rapid growth of broadcasting stations, mobile phone base stations, communication and navigation satellites, as well as relatively low cost and rapid deployment of receivers, passive radar imaging using transmitters of opportunity has emerged as an active area of research in recent years.
A number of passive moving target detection and imaging approaches have been presented in the literature.
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We present a new passive image formation method for moving targets using a sparse array of receivers and non-cooperative transmitters of opportunity operating in multiple-scattering environments, to reconstruct the distribution of targets in position and velocity spaces. To the best of our knowledge, our method is the first in the literature that exploits multiple-scattering for passive imaging of moving targets.
We use the shoot-and-bounce model to model the wave propagation in multiple-scattering environments. We develop a new passive measurement model that relates the Doppler as well as the delay information measured at a receiver location to the delay and Doppler information measured at other receiver locations due to a hypothetical moving target in position and velocity spaces. We use the new passive measurement model to address the moving target imaging problem as a position-and velocity-resolved binary hypothesis testing, which has its root in Generalized Likelihood Ratio Test (GLRT). 19, 20 The test-statistic produced by the hypothesis testing can be viewed as a superposition of filtered, delayed and scaled (or dilated) correlations of measurements at different receivers. We use the position-and velocity-resolved test-statistics to form an image in position and velocity spaces.
We present numerical simulations to demonstrate the performance of our passive moving target imaging algorithms. The results show the improvements in the point spread function of the reconstructed images when the information about multiple scattering is exploited, as well as potential artifacts.
While our treatment focuses primarily on radar imaging, our method is directly applicable to passive imaging of moving objects in seismic, acoustic and microwave imaging.
The rest our paper is organized as follows: In Section 2, we describe the models for a moving target, incident and scattered fields using the shoot-and-bounce model, and present the passive measurement model for a moving target in a multiple-scattering environment. In Section 3, we address the moving target imaging problem in position and phase spaces within the GLRT framework using the passive measurement model. In Section 4, we present numerical simulations. Section 5 concludes our discussion.
PASSIVE MEASUREMENT MODEL FOR MOVING TARGETS
We reserve x to denote location in 3D Euclidean space and x to denote location in 2D space. We denote operators (P, S, etc.) with calligraphic letters. For a function f ,f denotes its Fourier transform and f * denotes its complex conjugate. Bold font denotes vector quantities. Non-bold italic font denotes scalar quantities.
Model for the scattered field
The propagation of electromagnetic waves due to an arbitrary source distribution s(x, t) in a medium can be described using the scalar wave equation:
where g(y, z, t) is the 3D Green's function defined as g((y, h(y)), z, t).
For multiple transmitters with isotropic antennas, say M , the source distribution can be expressed as
where z q , q = 1, ·, M denotes the location of the q th transmitter transmitting the waveformp q starting at time t = T zq . Thus, (5) can be expressed as
where E in q represents the incident field on the target due to the q th transmitter.
Note that isotropic antenna assumption is not necessary for the rest of our development. The results in the following sections can be extended to incorporate realistic antenna models in a straightforward manner.
Performing the change of variables y = y − vτ , (4) becomes
where E in (y + v, τ) is given in (7) with y replaced by y + vτ .
Measurement Model For Multiple-scattering Environments
For multiple-scattering environments, we consider a multi-bounce, multiple-scattering environment model.
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We assume that there are L point scatterers in the background medium and consider only the propagation paths originating from the target to a background scatterer or from the background scatterer to the receiver. This results in L multi-path bounces between the target and background medium. We further assume that all multi-path bounces are specular reflections and therefore model the environment as a collection of mirror planes. In this case, the Green's function of the background can be approximated by the following shoot-and-bounce model:
where k = ω/c 0 , x l is reflection of x about the mirror plane, A l , with respect to the lth, (l = 1, · · · , L) multi-path bounce and a l are the corresponding attenuation coefficients. We define the receivers located at
Note that (10) allows us to readily compare the Point Spread Function (PSF) of the imaging operator obtained for the free-space to the one obtained for the multiple-scattering environment. We can express (10) aŝ
where g 0 (x l , y, ω) denotes the free-space Green's function given by
Proc. of SPIE Vol. 8051 80510U-3
Thus, substituting (11) into (8) , under the slow-mover assumption, using the scattered field obtained for free-space case, 30 in Fourier domain the measurement at the receiver located at x contaminated with additive thermal noise n(t) can be modeled aŝ
with z 0 q = z q and z ν q , ν = 1, · · · , L being the reflections of the transmitters located at z q about the plane A ν . We define these transmitters as mirror transmitters. We assume that n(t) is zero-mean with finite second-order statistics. (13) shows that the measurement at the receiver consists of the scattered signals due to direct-path propagation and different multi-path propagations. Since the multi-path components contain the target information, they can be potentially exploited to improve imaging performance. (14) is given as follow:
Note that since the waveformsp q , q = 1, · · · , M are typically band-limited, we restrict our analysis to some range of ω.
In (13) and (14), μ y,v,x l is given by
which denotes the Doppler-scale-factor observed at location x due to a moving target 27 with velocity v at location y associated with the l th multi-path propagation.μ y,v,z ν q is given bỹ
which denotes the Doppler-scale-factor observed by the moving target 27 located at y moving with velocity v due to a waveform transmitted from z q along the ν th multi-path bounce.
Passive measurement model
In the analysis that follows, we consider a sparse distribution of N receivers located at
The receivers and transmitters may be arbitrarily located with several hundred wavelengths apart with no assumption that transmitters and receivers are colocated (see Fig. 1 ). Non-identical waveforms may be transmitted from different transmitters.
For passive detection and imaging applications, the information about the transmitted waveforms and the location of the transmitters may not be available. Therefore, we develop an alternative passive measurement model that expresses scattered field at each receiver in terms of the scattered field at a different receiver. This model is based on the fact that the measurements at all receiver are due to the same incident fieldẼ in , target velocity v, and the phase space distribution, q v (y). The model involves back propagating the measurement at a receiver location to a hypothetical target location moving with a hypothetical velocity and then forward propagating the resulting field to another receiver location.
We use (13) to define the forward-propagation operator, P y,v,i , with respect to the i th receiver as follows: where
S l v,i is the scaling operator that accounts for the Doppler effect observed by the i in receiver due to a moving target with velocity v at location y associated with the l th , l = 1, · · · , L multi-path bounce; G l y,i is the operator that accounts for the wave propagation in the stationary background from the target to the i th receiver via the l th , l = 1, · · · , L multi-path bounce; and a l is the corresponding attenuation coefficient defined as above. Note that in (19) , u is viewed as a function of ω only, and y and v are fixed parameters.
We assume that the moving target is composed of a collection of point targets in position and velocity spaces.
and (12) . We define the back-propagation operator as the adjoint of P y,v,i and denote it with P † y,v,i . Using (18), we express P † y,v,i as 
Letm i denote the measurement at the i th receiver. We can now express the measurement,m i , at the i th receiver in terms of the measurement,m j , at the j th receiver by back-propagatingm j measured at x j to a hypothetical target location with a hypothetical velocity via the back-propagation operator; and then forward propagating the resulting field to x i via the forward-propagation operator. Note that in the back-propagation operation, not only the noise-free measurement but also the noise at the j th receiver are back-propagated. Thus, we havem
For a moving point target model given by
where ρ is the reflectivity of the point target located at y 0 , at time t = 0, moving with velocity v 0 , the forwardpropagating operator in (18) reduces to
The back-propagation operator in (22) becomes
Using (27) and (28), for a moving point target, (25) becomeŝ 
Note that y 0 = (y 0 , h(y 0 )) and v 0 = (v 0 , Dh(y 0 ) · v 0 ). We refer to γ ij,β y0,v0 , β = (l, l ) as the passive-Doppler-scalefactor for the i th and j th receivers due to l th , l th multi-path bounces.
Substituting the Fourier transform of the free-space Green's function into (29), we obtain
where k = ω/c 0 .
We next form a vector measurement model by taking one of the receivers as a reference. Without loss of generality, we take the j th receiver as a reference and form the following measurement vector:
Similarly, we can vectorize the "reference measurements" and the noise as follows:
wheren i , i = j is the additive thermal noise at the i th receiver. Note that m, m r and n are all (N −1) dimensional vectors.
The composition of the back-propagation and forward-propagation operators can be represented as a diagonal matrix given by P y,v = diag P y,v,1 P † y,v,j
where i = j and P y,v is (N − 1) × (N − 1).
Using (25), (32)- (35), we form a vectorized passive measurement model as follows:
for some range of ω. Note that in (36), all operations are understood to be elementwise.
IMAGE FORMATION
We use a hypothesis testing based approach to address the passive imaging problem which has its root in the Generalized Likelihood Ratio Test (GLRT). 19, 20 We set up a position-and velocity-resolved binary hypothesis testing and next determine a test-statistic for each location (y, h(y)) ∈ R 3 and each velocity (v, Dh(y)·v) ∈ R 3 in the position and velocity spaces using the passive measurement model for moving targets developed in subsection 2.3. The image is then formed in the (y, v) domain with the position-and velocity-resolved test-statistic.
We consider the following test of binary hypothesis for each location and velocity in (y, v) space:
where P y,v , m r , m and n are as defined in (32)-(36).
The null hypothesis states that the measurement is due to noise whereas the alternative hypothesis states that the measurement is due to a target located at y moving with velocity v.
We design the following linear discriminant functional to address the binary hypothesis testing problem,
where λ denote the the output of the discriminant functional, which we call the test-statistic, and w is a template given by
We determine the test-statistic by maximizing the Signal-to-Noise Ratio (SNR) of λ. Under the assumption that the noise at different receivers are wide sense stationary and mutually uncorrelated, the resulting optimal linear template is given by
where S −1 is the inverse of S defined by Using the moving point target model given by (26) , for a hypothetical point target located at y, moving with a hypothetical velocity v, each component of the optimal template becomes
where i = 1, · · · , N and i = j and γ ij,β y,v , β = (l, l ) is given by (30) . In the summation in (42), the first term involves scaling due to geometrical spreading factors, the Dopplerscale-factor and the attenuation coefficients associated with the multi-path propagation. The second term is a prewhitening filter due to colored noise. The third term involves delay due to the path difference between the two receivers and a temporal dilation due to the passive-Doppler-scale-factor, and the last term involves averaged dilated reference measurement. Note that the path difference in the exponential term considers all the possible propagation paths between the i th and j th receivers, including the path difference between the direct-paths, multi-paths, and the direct-path back-propagation and l th (l = 1, · · · , L) multi-path forward propagation and vice versa between the two receivers.
Thus, the output of the linear discriminant functional can be viewed as a superposition of the correlations between the filtered, delayed, scaled (or dilated) replica of the reference measurement m j and the measurement m i , i = j, which is given by
where m j (t) is the filtered version of m j (t) with the filtering given by S −1 i (ω). Note that for free-space, l, l = 0 and x 0 i = x i , x 0 j = x j , the test-statistic in (43) reduces to the one in passive imaging of moving targets using sparse distributed apertures in free-space in 30 , up to scaling terms.
NUMERICAL SIMULATIONS

Settings
We conducted numerical simulations to verify the theory and to demonstrate the performance of our passive imaging method using a moving point target model. We assumed that there were five receivers and a single transmitter present in the scene. The single transmitter was assumed to be located at [1.5e3, 0, 6] T m. The receivers were assumed to lie on the x-axis, equidistant form each other in the range of [0, 3e3] T m. Both the transmitter and receivers were assumed to be on the same z−plane, z = 6.
We considered a specular reflecting wall located at x = 0. Thus, the multiple-scattering environment was modeled with the shoot-and-bounce model with one extra path. For ease of comparison, we presented the results for both free-space and multiple-scattering environments.
In all the experiments, the noise was simulated as an additive white Gaussian process.
Taking into account the waveforms of opportunity available in practice, we used transmitted waveforms which have high Doppler resolution and acceptable range resolution. Examples of such waveforms include wireless network (or WiFi) signals, Digital Video Broadcasting Terrestrial (DVB-T) signals and WiMAX waveforms as the high-Doppler and good-range resolution waveforms. We simulated a high-Doppler and goodrange resolution waveform as a continuous-wave (CW) with 4GHz carrier frequency, 0.1s duration, and with an additional frequency modulation, which results in a bandwidth of 7.5MHz. Note that such a waveform provides about 19.5 m range resolution and 0.375 m/s radial velocity resolution in monostatic operations.
We reconstructed the four-dimensional test-statistic image in (y, v) (or (y 1 , y 2 , v 1 , v 2 ) ) coordinates. However, in order to facilitate visualization and performance evaluation, we generated three two-dimensional images from the original four dimensional image: The fist image, which we refer to as the peak-value image, was generated by choosing the maximum value of the four-dimensional image for each velocity (v 1 , v 2 ). We then, chose the maximum value,ṽ, of the peak-value image as the estimate of the velocity. The second image, which we refer to as the position-image, is the cross-section of the four-dimensional image, for v =ṽ. We take the maximum value,ỹ, of the position-image as an estimate of the target's position. The third image, which we refer to as the velocity-image, is the cross-section of the four-dimensional image, for y =ỹ.
Results
The reconstructed images in free-space using high-Doppler and good-range resolution waveform are shown in Fig. 2 . The reconstructed images in multiple-scattering environments using the the same waveforms are shown in Fig. 3 . We see that in both free-space and multi-path propagation environments, the target is reconstructed at the correct location with correct velocity.
Comparing Fig. 3 with Fig. 2 , we observe that the strength of the reconstructed target increases in the multiple-scattering environment, which indicates that the multi-path propagation improves the imaging performance. We also note the additional artifacts present in the background of the reconstructed images.A detailed analysis of the effect of multiple scattering on the resolution of the reconstructed images will be the focus of our future work.
CONCLUSION
In this work, we presented a new passive imaging method for moving targets in position and velocity spaces using sparsely distributed receivers in multiple-scattering environment. This method is capable of exploiting the multiple scattering to improve reconstructed images. We developed a passive measurement model for moving targets in multiple-scattering environments. We formulated the passive image formation problem within a GLRT framework where we set up a test of binary hypothesis using the passive measurement model for a hypothetical target located at an unknown position, moving with an unknown velocity. We designed a linear discriminant functional by maximizing the SNR of the test-statistic. The resulting discriminant functional correlates the filtered, delayed and scaled (or dilated) averaged measurements from one receiver location with the measurements at another receiver location.
We presented numerical simulation results to demonstrate the performance of our passive imaging method. The resolution analysis of our imaging method will be the focus of our future work.
While we mainly focused on the passive radar application, the results presented in our paper are also applicable to other wave-based passive imaging applications, such as those in acoustic or seismic imaging. 
